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Motivation

• First one Teraflops sustained 
performance in QCD in 2004 (P.  Vranas):
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• price ~ 500,000 €

Flops:  floating point operations per second
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Motivation

• First one Teraflops sustained 
performance in QCD in 2004 (P.  Vranas):
• one Blue Gene/L rack
• price ~ 500,000 €

Flops:  floating point operations per second

• Desktop PC
• 3 NVIDIA GTX 580 GPUs
• one Teraflop sustained performance
• price ~ 4,000 €

3x
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But...

But the memory of GPUs is too 
small and thus GPUs cannot 

compete with CPUs!

The Tesla GPU has 6GB of RAM 
and the mephisto cluster 120GB in 

total.

But when using more than one 
GPU the performance is lost 

due to synchronization!
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But...

But the memory of GPUs is too 
small and thus GPUs cannot 

compete with CPUs!

The Tesla GPU has 6GB of RAM 
and the mephisto cluster 120GB in 

total.

But when using more than one 
GPU the performance is lost 

due to synchronization!

The last point will be addressed in this talk...
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The CUDA Programming Model

• Program is executed on host system (CPU)

• host calls kernels that run on the device 
(GPU)

• each kernel starts many threads that 
perform the same work on different data 

• e.g. one thread per lattice site

 Chapter 2: Programming Model 
 

 

CUDA C Programming Guide Version 4.2  13 
 

 

Serial code executes on the host while parallel code executes on the device. 

Figure 2-3. Heterogeneous Programming 
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1. Introduction

Quantum Chromodynamics (QCD) is nowadays, 40 years after its birth,
widely accepted as the correct theory of the strong nuclear force which binds
the protons and neutrons in the cores of atoms. The guiding principle in
the construction of QCD was the local gauge symmetry which has led be-
fore to the very successful theory of quantum electrodynamics (QED) that
describes the interactions of electrons and light. Local gauge symmetry is
the freedom to perform a transformation of the vector fields of the theory,
independently at each point of space-time, without changing the physics the
theory describes.

Lattice QCD which lives on a discretized space-time background opposed
to the continuous world of the original theory, o↵ers a formulation of the
gauge theory that is well suited to be simulated on a computer and hence
can be used to test the theory against experiment. Furthermore, lattice
simulations can help to gain insights in the highly nontrivial nonperturbative
regime of the interactions between quarks and gluons which are the degrees
of freedom of QCD.

The gauge symmetry, given below in its discrete version, states that phys-
ical observables will remain unchanged if a local transformation of the form

g(x)U
µ

(x)g(x+ µ̂)† (1)

is being carried out. Here, the gauge fields or link variables U

µ

(x) as well as
the gauge transformations g(x) are elements of the underlying gauge group
which is SU(3) in the case of QCD. The index µ = 0, . . . , 3 refers to the
direction in space-time and with x + µ̂ we denote the neighbor lattice site

3

of x in µ-direction. The link variables of lattice QCD are connected to the
algebra valued continuum gauge fields A

µ

(x) via

U

µ

(x) = eiagAµ(x)
. (2)

Whereas physical observables that can be measured in experiments must
be independent of the gauge, fixing the gauge, i.e., choosing a particular
gauge transformation g(x) for all x, is essential when, e.g., studying gauge
dependent quantities like the fundamental two point functions of the theory.

As a typical example of a gauge condition that may be enforced at all
space-time points x, we consider the manifestly covariant Landau gauge

@

µ

A

µ

(x) = 0, (3)

here stated in the language of continuum field theories. As we will discuss in
the next Section, the continuum gauge condition Eq. (3) translates to a large
scale optimization problem in lattice QCD with O(V N

2

c

) degrees of freedom
where V = N

3

s

⇥N

t

is the 3+1 dimensional lattice volume. Consequently, the
process of fixing the gauge on the lattice demands a major part of the whole
simulation’s computer time and the possible acceleration by highly parallel
hardware architectures like graphic processing units (GPUs) will be of great
practical use.

A more conceptual issue of gauge fixing is that the set of gauge transfor-
mations g(x) that fulfill a desired gauge condition is far from being unique.
The set of gauge equivalent configurations of a given gauge field is called the
gauge orbit. The gauge fixing condition can be depicted as a hypersurface
living in the space of all gauge fields. Each of the multiple intersections of
the gauge orbit with the gauge fixing hypersurface is called a Gribov copy.

Gribov copies play a crucial role in restoring the BRST symmetry on the
lattice: fixing a gauge via the Faddeev–Popov procedure on the lattice for
a compact group boils down to inserting the sum over signs of the corre-
sponding Faddeev–Popov determinants evaluated at all the Gribov copies.
Neuberger [1] showed that the sum for any covariant gauge turns out to be
zero for any standard model gauge group, SU(N), and for compact U(1),
making the expectation value of a gauge-fixed observable 0/0. The zero
comes up because each Gribov copy comes in pairs with opposite sign of the
Faddeev–Popov determinant. This in turn makes it impossible to construct
a BRST symmetry on the lattice. This is called the Neuberger 0/0 prob-
lem. Following a topological interpretation of the Neuberger 0/0 problem, in

4

• Gauge freedom

• gauge fixing, e.g. the Landau gauge condition

translates to a large scale optimization problem, on the lattice

kind of gauge conditions and here we give the related gauge functionals and
moreover a measure of the iteratively achieved gauge quality that can serve
as a stopping criterion for the algorithm.

2.1.1. Coulomb and Landau gauge
The continuum Landau gauge condition, Eq. (3), is fulfilled if and only if

the lattice gauge functional

F

g

Landau

[U ] =
1

N

c

N

d

V

Re
X

µ,x

tr
⇥
U

g

µ

(x)
⇤
, (4)

resides in a stationary point with respect to gauge transformations g(x) 2
SU(N

c

). In the above equation we made use of the short hand notation

U

g

µ

(x) ⌘ g(x)U
µ

(x)g(x+ µ̂)†. (5)

Furthermore, with N

c

we denote the dimension of the gauge group SU(N
c

),
N

c

= 3 for QCD, N
d

is the number of space-time dimensions, (N
d

= 4
for our work) and V is the number of lattice points. When switching to
Coulomb gauge, all that changes is that the sum in Eq. (4) becomes limited
to the spatial components of the Dirac index µ, thus leaving out the temporal
one. Consequently, the optimization of Eq. (4) for Coulomb gauge can be
performed independently on di↵erent time-slices.

A measure ✓ of how well the Landau/Coulomb gauge condition is satisfied
on the current gauge field configuration is the average L

2

-norm of the gauge
fixing violation �(x),

�(x) ⌘
X

µ

(A
µ

(x)� A

µ

(x� µ̂)) = 0, (6)

✓ ⌘ 1

N

c

V

X

x

tr
⇥
�g(x)�g(x)†

⇤
. (7)

2.1.2. Maximally Abelian gauge
The gauge functional for the maximally Abelian gauge is, in the case of

SU(2), given by

F

g

MAG2

[U ] =
1

2N
d

V

X

x,µ

tr
⇥
�

3

U

µ

(x)�
3

U

µ

(x)†
⇤

(8)

7
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is sufficiently small.
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Relaxation: optimize locally

2.2. Relaxation

Now that we stated the optimization problem, we can proceed with pre-
senting the algorithms which we will use to find a solution to the problem
before we will discuss the implementation with CUDA in the next Section.

The main idea of the relaxation algorithm is to sweep over the lattice site
by site while optimizing the gauge functional locally. Thereby, as we will see
below, can all sites of one of the two parity subsets (think of a checker board
decomposition) be optimized at the same time since the newly generated
local optimum is a function of the nearest neighbors only.

In the following we will discuss the calculation of the local optimum sep-
arately for Coulomb/Landau gauge and the maximally Abelian gauge.

2.2.1. Coulomb and Landau gauge
Instead of taking the complete global gauge functional into account,

F

g

Landau

[U ] =
1

2N
c

N

d

V

Re
X

x

f

g

Landau

(x), (16)

the relaxation algorithm aims at optimizing the value of F g[U ] locally, i.e.,
for all x the maximum of

f

g

Landau

(x) = Re tr [g(x)K(x)] (17)

is sought. Here we introduced

K(x) :=
X

µ

⇣
U

µ

(x)g(x+ µ̂)† + U

µ

(x� µ̂)†g(x� µ̂)†
⌘

(18)

where the sum runs over all space-time indices for Landau gauge and for
Coulomb gauge it leaves out the temporal index. The local maximum thereof
is, in the case of the gauge group SU(2), simply given by

g(x) = K(x)†/
p
detK(x)†. (19)

For the gauge group SU(3) (QCD) one iteratively operates in the three SU(2)
subgroups [24] and thereby optimizes the local SU(3) gauge functional.
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• the idea of the relaxation algorithm is to iterate over the lattice site by site and to 
maximize the local gauge functional, i.e., maximize

with
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• for SU(2) the maximum is directly given by

and for SU(3) we iterate through the SU(2) subgroups and thereby maximize the 
local gauge functional.
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Variations of the relaxation update

• overrelaxation: replace           by 

where we defined

D =
X

µ

✓
u

2

µ,0

+ u

2

µ,3

� 1

2

◆
(25)

E = 2
X

µ

(�u

µ,0

u

µ,1

� u

µ,2

u

µ,3

) (26)

F = 2
X

µ

(�u

µ,0

u

µ,2

+ u

µ,1

u

µ,3

) (27)

whereby in D we used detU
µ

= u

2

µ,0

+ u

2

µ,1

+ u

2

µ,2

+ u

2

µ,3

= 1.
Then the maximum of Eq. (23) is found when g is set to the eigenvector

of the matrix in Eq. (24) corresponding to the largest eigenvalue. The largest
eigenvalue is � =

p
D

2 + E

2 + F

2 and the corresponding eigenvector is

⇣
D +

p
D

2 + E

2 + F

2

, E , F

⌘
T

. (28)

For more practical details related to the maximally Abelian gauge we refer
to [23].

2.2.3. Overrelaxation
In order to reduce the critical slowing down of the relaxation algorithm

on large lattices, the authors of [17] suggested to apply an overrelaxation
algorithm which replaces the gauge transformation g(x) by g

!(x), ! 2 [1, 2)
in each step of the iteration. In practice the exponentiation of the gauge
transformation will be done to first order.

2.2.4. Microcanonical steps
Applying a gauge transformation g

!(x) with ! = 2 leaves the gauge func-
tional invariant but these microcanonical steps have the beneficial property
to lead to a faster decorrelation and thus to faster convergence of the func-
tional.

2.2.5. Stochastic relaxation
The stochastic relaxation algorithm replaces the local gauge update g(x)

with a microcanonical step g

2(x) with probability p and can lead to faster
convergence on large lattices.
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2.3. Simulated annealing

Annealing is a method in condensed matter physics to bring certain ma-
terials in their ground state by first heating them above their melting point
and subsequently cooling them down very slowly. It is crucial hereby that
the system is given enough time to thermalize at each temperature step. If
so, the atoms will arrange themselves in such a way that the macroscopic
system ends up in its or at least close to its lowest energy state.

The authors of [8] developed an analogy of annealing and mathematical
optimization problems. Following this analogy, the function which is to be
optimized corresponds to the energy of the solid and the optimum is the
ground state.

The algorithm then simply performs local Metropolis updates where the
acceptance probability of a random local gauge update g(x) is given by

P [g(x)] =

(
1 if f

g(x) � f(x)

exp
⇣

f

g
(x)�f(x)

T

⌘
else.

(29)

Thus, for hot start temperatures, the algorithm accepts a worsening of the
local gauge functional with a nonvanishing probability which ensures that the
algorithm may overcome local extrema in order to increase the probability
to find the global optimum.

In practice the Metropolis update gets replaced by heatbath updates that
generate the new gauge transformation directly with the right Boltzmann
like probability distribution. In order to reach quicker thermalization at each
temperature step, we perform three mircocanonical steps after each change
in temperature. Note that simulated annealing will never reach the required
gauge precision ✓ very accurately, instead relaxation or overrelaxation which
can be regarded as simulated annealing in the limit of zero temperature,
should be run subsequently to fully reach the required precision. See also
Sec. 5.1.

2.4. Summing up

After we have listed the details of the underlying large scale optimization
problem and the techniques to perform local optimizations, we are now in
the position to consider the global optimization algorithm.

As mentioned before, due to the strict locality of the family of relax-
ation algorithms and the simulated annealing algorithm, we can perform a

12

• simulated annealing (Kirkpatrick et al., Science 330 (1983)):
• motivated by annealing of metal in condensed matter physics
• SA temperature T decreases with time (cooling)
• a new randomly chosen gauge trafo is accepted with probability

• this allows for worsening of the function that is to be optimized at high 
temperatures, can escape from local maxima
• in the limit of infinite time SA is guaranteed to converge to the global 
maximum
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Figure 1: Even and odd parity sub-lattices.

From (2.1) and (2.2) it becomes obvious that when operating consecutively on the
parity even and parity odd sub-lattices, see Fig. 1, we can optimize all sites in each parity
sub-lattice simultaneously since the local solution only depends on gauge links connected
to (inactive) sites of the other parity.

The gauge fixing via relaxation algorithm then read as given in Algo. (2.1), there, ◊ is
the finite di�erence approximation of the first derivative of A

µ

(x) averaged over V and
thus serves as a measure in how far the Landau or Coulomb gauge has been reached.

In order to reduce the critical slowing down of the relaxation algorithm on large lattices,
the authors of [7] suggested to apply an overrelaxation algorithm which replaces the
gauge transformation g(x) by g

Ê(x) in each step of the iteration. This method has widely
been studied and the value of Ê was found to well adapted at around 1.7, see references
in [4].

3

checkerboard decomposition of the lattice and operate on all sites of one of
the two sublattices (“even” and “odd”) concurently. All of the above men-
tioned algorithms have the same underlying structure which is depicted in
Alg. 1.

Algorithm 1

while precision ✓ not reached do
for sublattice = even, odd do
for all x of sublattice do
for all SU(2) subgroups do
local optimization: find g(x) 2 SU(2)
which is a function of U
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(x), U
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(x� µ̂) Step 1.
for all µ do
apply g(x) to U

µ

(x), U
µ

(x� µ̂) Step 2.
end for

end for
end for

end for
end while

We want to stress that the di↵erence of the various update algorithms as
well as the di↵erence between the gauges under consideration lies exclusively
in Step 1 whereas, as we list explicitly in Appendix A, the main work of the
algorithm lies in Step 2 which is independent of the update type and of the
target gauge.

3. Hardware

(MS: here maybe a short comparison of the GTX 480, 580 and Tesla
cards) (MS: somewhere stress that we have ECC always on on Tesla!)

We use NVIDIA’s GeForce GTX 580 for our study. The GTX 580 is
the high end graphical processing unit of the Fermi architecture which is
NVIDIA’s third generation of GPUs devoted to high performance comput-
ing using NVIDIA’s CUDA (Compute Unified Device Architecture) program-
ming environment. Recently the successor of the Fermi architecture has been
released (Kepler). All hardware details are summarized in Tab. 2.
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the authors of [7] suggested to apply an overrelaxation algorithm which replaces the
gauge transformation g(x) by g

Ê(x) in each step of the iteration. This method has widely
been studied and the value of Ê was found to well adapted at around 1.7, see references
in [4].
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2.4 Heterogeneous Programming 
As illustrated by Figure 2-3, the CUDA programming model assumes that the 
CUDA threads execute on a physically separate device that operates as a coprocessor 
to the host running the C program. This is the case, for example, when the kernels 
execute on a GPU and the rest of the C program executes on a CPU. 
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checkerboard decomposition of the lattice and operate on all sites of one of
the two sublattices (“even” and “odd”) concurently. All of the above men-
tioned algorithms have the same underlying structure which is depicted in
Alg. 1.

Algorithm 1

while precision ✓ not reached do
for sublattice = even, odd do
for all x of sublattice do
for all SU(2) subgroups do
local optimization: find g(x) 2 SU(2)
which is a function of U

µ

(x), U
µ

(x� µ̂) Step 1.
for all µ do
apply g(x) to U

µ

(x), U
µ

(x� µ̂) Step 2.
end for

end for
end for

end for
end while

We want to stress that the di↵erence of the various update algorithms as
well as the di↵erence between the gauges under consideration lies exclusively
in Step 1 whereas, as we list explicitly in Appendix A, the main work of the
algorithm lies in Step 2 which is independent of the update type and of the
target gauge.

3. Hardware

(MS: here maybe a short comparison of the GTX 480, 580 and Tesla
cards) (MS: somewhere stress that we have ECC always on on Tesla!)

We use NVIDIA’s GeForce GTX 580 for our study. The GTX 580 is
the high end graphical processing unit of the Fermi architecture which is
NVIDIA’s third generation of GPUs devoted to high performance comput-
ing using NVIDIA’s CUDA (Compute Unified Device Architecture) program-
ming environment. Recently the successor of the Fermi architecture has been
released (Kepler). All hardware details are summarized in Tab. 2.
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and for SU(3) we can iteratively operate in the three SU(2)-subgroups [6]: let W
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Figure 1: Even and odd parity sub-lattices.

From (2.1) and (2.2) it becomes obvious that when operating consecutively on the
parity even and parity odd sub-lattices, see Fig. 1, we can optimize all sites in each parity
sub-lattice simultaneously since the local solution only depends on gauge links connected
to (inactive) sites of the other parity.

The gauge fixing via relaxation algorithm then read as given in Algo. (2.1), there, ◊ is
the finite di�erence approximation of the first derivative of A

µ

(x) averaged over V and
thus serves as a measure in how far the Landau or Coulomb gauge has been reached.

In order to reduce the critical slowing down of the relaxation algorithm on large lattices,
the authors of [7] suggested to apply an overrelaxation algorithm which replaces the
gauge transformation g(x) by g

Ê(x) in each step of the iteration. This method has widely
been studied and the value of Ê was found to well adapted at around 1.7, see references
in [4].
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• instead of looping over all lattice size

• start the kernel for a grid of thread blocks

relaxKernel<<<V/2/32,32>>>(U);

checkerboard decomposition of the lattice and operate on all sites of one of
the two sublattices (“even” and “odd”) concurently. All of the above men-
tioned algorithms have the same underlying structure which is depicted in
Alg. 1.

Algorithm 1

while precision ✓ not reached do
for sublattice = even, odd do
for all x of sublattice do
for all SU(2) subgroups do
local optimization: find g(x) 2 SU(2)
which is a function of U

µ

(x), U
µ

(x� µ̂) Step 1.
for all µ do
apply g(x) to U

µ

(x), U
µ

(x� µ̂) Step 2.
end for

end for
end for

end for
end while

We want to stress that the di↵erence of the various update algorithms as
well as the di↵erence between the gauges under consideration lies exclusively
in Step 1 whereas, as we list explicitly in Appendix A, the main work of the
algorithm lies in Step 2 which is independent of the update type and of the
target gauge.

3. Hardware

(MS: here maybe a short comparison of the GTX 480, 580 and Tesla
cards) (MS: somewhere stress that we have ECC always on on Tesla!)

We use NVIDIA’s GeForce GTX 580 for our study. The GTX 580 is
the high end graphical processing unit of the Fermi architecture which is
NVIDIA’s third generation of GPUs devoted to high performance comput-
ing using NVIDIA’s CUDA (Compute Unified Device Architecture) program-
ming environment. Recently the successor of the Fermi architecture has been
released (Kepler). All hardware details are summarized in Tab. 2.
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Figure 1: Even and odd parity sub-lattices.

From (2.1) and (2.2) it becomes obvious that when operating consecutively on the
parity even and parity odd sub-lattices, see Fig. 1, we can optimize all sites in each parity
sub-lattice simultaneously since the local solution only depends on gauge links connected
to (inactive) sites of the other parity.

The gauge fixing via relaxation algorithm then read as given in Algo. (2.1), there, ◊ is
the finite di�erence approximation of the first derivative of A

µ

(x) averaged over V and
thus serves as a measure in how far the Landau or Coulomb gauge has been reached.

In order to reduce the critical slowing down of the relaxation algorithm on large lattices,
the authors of [7] suggested to apply an overrelaxation algorithm which replaces the
gauge transformation g(x) by g

Ê(x) in each step of the iteration. This method has widely
been studied and the value of Ê was found to well adapted at around 1.7, see references
in [4].
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As illustrated by Figure 2-3, the CUDA programming model assumes that the 
CUDA threads execute on a physically separate device that operates as a coprocessor 
to the host running the C program. This is the case, for example, when the kernels 
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As illustrated by Figure 2-3, the CUDA programming model assumes that the 
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• instead of looping over all lattice size

• start the kernel for a grid of thread blocks

relaxKernel<<<V/2/32,32>>>(U);

checkerboard decomposition of the lattice and operate on all sites of one of
the two sublattices (“even” and “odd”) concurently. All of the above men-
tioned algorithms have the same underlying structure which is depicted in
Alg. 1.

Algorithm 1

while precision ✓ not reached do
for sublattice = even, odd do
for all x of sublattice do
for all SU(2) subgroups do
local optimization: find g(x) 2 SU(2)
which is a function of U

µ

(x), U
µ

(x� µ̂) Step 1.
for all µ do
apply g(x) to U

µ

(x), U
µ

(x� µ̂) Step 2.
end for

end for
end for

end for
end while

We want to stress that the di↵erence of the various update algorithms as
well as the di↵erence between the gauges under consideration lies exclusively
in Step 1 whereas, as we list explicitly in Appendix A, the main work of the
algorithm lies in Step 2 which is independent of the update type and of the
target gauge.

3. Hardware

(MS: here maybe a short comparison of the GTX 480, 580 and Tesla
cards) (MS: somewhere stress that we have ECC always on on Tesla!)

We use NVIDIA’s GeForce GTX 580 for our study. The GTX 580 is
the high end graphical processing unit of the Fermi architecture which is
NVIDIA’s third generation of GPUs devoted to high performance comput-
ing using NVIDIA’s CUDA (Compute Unified Device Architecture) program-
ming environment. Recently the successor of the Fermi architecture has been
released (Kepler). All hardware details are summarized in Tab. 2.
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Optimizations

• the previous example of a kernel will run perfectly fine but there is a lot of room 
for performance improvement.

• detailed matching of hardware properties and code is necessary

• the device has different levels of memory
• global memory: rather large (6GB on Tesla) but slow access
• shared memory: small (several kB) but fast access
• maximum of 63 registers per thread: fast access
• local memory: physical the same as global memory

• most lattice QCD kernels are bound by the bandwidth to global memory instead 
of by the theoretical peak performance (GFlops)

• strategy: reduce the access to global/local memory as much as possible!!
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Coalesced memory accesses

• a warp (group of 32 threads) reads blocks of 128kB from global memory at once:

• we want to serve all 32 threads (think of sites) with that read access

• normal storage layout has the whole SU(3) matrix as one block in memory, we 
need a modified memory pattern:
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Coalesced memory accesses

• a warp (group of 32 threads) reads blocks of 128kB from global memory at once:

• we want to serve all 32 threads (think of sites) with that read access

• normal storage layout has the whole SU(3) matrix as one block in memory, we 
need a modified memory pattern:

The authors of [25] and [21], e.g, use the native CUDA datatype Float4
and therefore distribute the 12 real numbers of a SU(3) element in the 12
parameter representation to three Float4 arrays. In contrast, we build on a
more flexible way by employing one large float or double array, respectively,
in combination with an access pattern class that hides the memory layout
from the user. This strategy allows us to easily change the memory layout
depending on the properties of the underlying application.

Here we list explicitly the memory patterns that are in use in our gauge
fixing applications, whereby the slowest running index is listed first:

• StandardPattern (natural layout): t, x, y, z, µ, i, j, c

• GpuPattern: µ, i, j, c, p, [t, x, y, z]
p

• TimesliceGpuPattern: t, µ, i, j, c, p, [x, y, z]
p

• ParityPriorityGpuPattern: p, µ, i, j, c, [t, x, y, z]
p

• TimesliceParityPriorityGpuPattern: t, p, µ, i, j, c, [x, y, z]
p

where i, j 2 {0, 1, 2} are the matrix indices, c identifies real (c = 0) and
imaginary (c = 1) part of the complex number, µ 2 {0, . . . , 3} is the direction
of the link, t is the index in temporal direction and x, y, z correspond to
the spatical components. The index p 2 {0, 1} stands for parity (“even”
and “odd” parity) and in those patterns where it is in use the spatial (and
temporal) indices are split into two groups

[t, x, y, z]
p

:= {t, x, y, z| t+ x+ y + z mod 2 = p} (30)

and equivalently for [x, y, z]
p

. Parity splitting is necessary to achieve coa-
lesced access to global memory, since we operate on the parity even and odd
sublattices seperately (see Alg. 1).

The GpuPattern is used in the single GPU implementations of Landau
and maximally Abelian gauge. For Coulomb gauge we employ the Times-
liceGpuPattern for the global gauge field array and the GpuPattern in ker-
nels that operate on 1 ⇥ N

3

s

sublattices, i.e., within a single time-slice. To
reduce memory tra�c between the nodes in the multi-GPU implementation
we adopt the TimesliceParityPriorityGpuPattern.(MS: check the final nam-
ing in the multiGPU Sec.) This allows that only the active parity of the

16

• x,y,t,z is the space-time index, mu the Dirac index, i and j row and column index 
of the matrix and p is parity.
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Optimizations (II)

• transfer only 12 (or 8) parameter of each SU(3) matrix and recalculate the matrix 
when needed (virtually for free!)

Wednesday, December 19, 12



M. Schröck Multi-GPU Simulations in Lattice QCD

Optimizations (II)

• transfer only 12 (or 8) parameter of each SU(3) matrix and recalculate the matrix 
when needed (virtually for free!)

• the max. number of registers per thread are not sufficient: the result are register 
spills to local memory
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Optimizations (II)

• transfer only 12 (or 8) parameter of each SU(3) matrix and recalculate the matrix 
when needed (virtually for free!)

• the max. number of registers per thread are not sufficient: the result are register 
spills to local memory

• we avoid this by assigning eight threads to each lattice site: each of the eight 
threads takes care of one of the eight neighbor links and therefore the number of 
registers is sufficient
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Optimizations (II)

• transfer only 12 (or 8) parameter of each SU(3) matrix and recalculate the matrix 
when needed (virtually for free!)

• the max. number of registers per thread are not sufficient: the result are register 
spills to local memory

• we avoid this by assigning eight threads to each lattice site: each of the eight 
threads takes care of one of the eight neighbor links and therefore the number of 
registers is sufficient

• more tuning: setting launch bounds to the kernels, prefer L1 cache over shared 
memory, compiler flag for non-caching loads, use_fast_math flag
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Numerical accuracy

1

4V

X

µ,x

|1� det(U
µ

(x))| and max
µ,x

|1� det(U
µ

(x))| (31)

from a run over 12000 iterations of the overrelaxation update on a 324 lattice
in single (SP) and double (DP) floating point precision. Moreover the plot
shows lines corresponding to a mixed precision (MP) ansatz which performs
calculates the overrelaxation gauge update on the SP gauge fields in full DP
( seeFig. A.10) while the less precision demanding application of the gauge
transformation to the links (Step 2 in Alg. 1) is performed in SP. In DP, both,
the average and even the maximal value stay well below 10�12 whereas in SP
the error accumulates to the order 10�3. To overcome the loss of unitarity,
one may use the unitarity as a constraint and thus reproject the links to
SU(3) after a given number of iteration steps.

The peaks in the SP maximum lines are individual outliers that occur
approximately every 1000 iterations on our GTX 580 and could not be de-
tected on the Quadro 4000. These might be memory errors since the GTX
unlike the Quadro does not have ECC.
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Figure 2: The value of the Landau gauge functional F g
Landau[U ] as a function of the number

of iterations of the overrelaxation kernel in single (SP), mixed (MP) and double precision
(DP). In addition, the evolution of the functional value is shown when a reprojection
to SU(3) is done every 100 iteration steps in SP and MP. The inner plot gives relative
deviation of all curves (except SP without reprojection) from the final functional value in
DP.

20

• we test the required floating point precision to get a handle on the accumulation 
of rounding errors
• single precision (SP), double precision (DP) and a mixed precision (MP) approach 
that performs only the critical parts in DP
• we run our (over)relaxation kernel over 12,000 iterations on a 32^4 lattice and 
measure the conservation of unitarity:
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from a run over 12000 iterations of the overrelaxation update on a 324 lattice
in single (SP) and double (DP) floating point precision. Moreover the plot
shows lines corresponding to a mixed precision (MP) ansatz which performs
calculates the overrelaxation gauge update on the SP gauge fields in full DP
( seeFig. A.10) while the less precision demanding application of the gauge
transformation to the links (Step 2 in Alg. 1) is performed in SP. In DP, both,
the average and even the maximal value stay well below 10�12 whereas in SP
the error accumulates to the order 10�3. To overcome the loss of unitarity,
one may use the unitarity as a constraint and thus reproject the links to
SU(3) after a given number of iteration steps.

The peaks in the SP maximum lines are individual outliers that occur
approximately every 1000 iterations on our GTX 580 and could not be de-
tected on the Quadro 4000. These might be memory errors since the GTX
unlike the Quadro does not have ECC.
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DP.
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Comparison to the CPU

FermiQCD Tesla C2070 GTX 580

• we compare our performance to FermiQCD run on a Intel Xeon Six-Core CPU 
X5650 (“Westmere”) @ 2.67GHz with MPI

CPU faster then 
emmy and frodo!
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• we split the lattice along the temporal direction and distribute it to multiple GPUs

Wednesday, December 19, 12



M. Schröck Multi-GPU Simulations in Lattice QCD

Multi GPUs

© NVIDIA, 2011 

Example:)Two)Subdomains)

© NVIDIA, 2011 

Example:)Two)Subdomains)

© NVIDIA, 2011 

Example:)Two)Subdomains)

© NVIDIA, 2011 

Example:)Two)Subdomains)

t

x,y,z

• we split the lattice along the temporal direction and distribute it to multiple GPUs

reside on the neighbor process are needed. Note that since we operate on the
parity even and odd lattice sites consecutively, the currently active parity
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) is completely une↵ected by the exchange with the
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).
That means, on a given process, all time-slices except t
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can be updated
without exchanging any information with the neighbor processes. In order to
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) on all devices, however, the following set of instructions
has to be carried out on each device in order to transfer the links U
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of device i to device i+ 1:
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6.2. Data pattern

It is very natural to use the GpuCoulombPatternParity for applications
that get accelerated by a time-slice splitted multi-GPU approach. Not only is
the time-index running slowest and thus allows to handle di↵erent time-slices
separately in the latter mentioned pattern, moreover the time-slice internal
pattern is very advantageous: each time-slice is split into the two parity
parts of which each has the Dirac index µ running fastest, followed by the
row index of the individual gauge matrices.

This layout ensures that the data which has to be exchanged, the first two
rows (12 parameter representation) of the link variables U

0

(t
min

) of a given
parity, lie contiguous in device memory. The size of the data block that has
to be exchanged is then given by the size of a time-slice multiplied by 1/2
(parity), 1/4 (Dirac index) and 2/3 (12 parameter representation), thus 1/12
in total.

6.3. Asynchronous memory transfers

Since the advent of CUDA 4.0 (MS: to check!) it is possible to hide data
exchange between di↵erent devices by overlapping them with calculations in

26

• during each step of the iteration, the data at the boundaries have to be 
exchanged. On each device:

• send            from device i to i+1
• perform the update
• send back
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Data exchange between devices

• to be more precise, each device has carry out the following instructions:
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26

• the copies between host and device are very slow

• idea: overlap the data exchange with calculations in the inner part of the domain

• i.e., each of the six exchange steps is “buffered” with the asynchronous update of 
some of the other time-slices on the corresponding device.
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Data exchange vs. inner calculations

• compare the time for the update of one time-slice to the time for a device-to-
host (D2) copy and a host-to-device copy (H2D):
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Data exchange vs. inner calculations

N

3

s

D2H [µs] H2D [µs] kernel [µs] D2H/kernel H2D/kernel
16 0.0398 0.0368 0.0209 1.90 1.76
32 0.2543 0.2276 0.1443 1.76 1.58
64 1.2510 1.1830 1.0489 1.19 1.13
128 8.9597 8.7169 8.3041 1.08 1.05

Table 4: The time needed to copy the relevant part (1/12) of a time-slice from device to
host (D2H) and host to device (H2D) compare to the time needed to update one time-slice
with the overrelaxation kernel (all in µs) averaged over 1000 iterations for di↵erent spatial
volumes N3

s . The two most right columns give the ratios.

the iterior of the partition. Replacing the CUDA function cudaMemcpy with
cudaMemcpyAsync results in a non blocking copying process from host to
device or vice versa. Making use of di↵erent cudaStreams a device can then
perform a copying request and execute a kernel at the same time.

In order to investigate how many time-slices are needed per device to
fully hide the data exchange between two devices, we measured the time for
the execution of the overrelaxation kernel on one time-slice and the time for
a transfer of 1/12 of a time-slice for di↵erent spatial lattice sizes N

3

s

and
averaged the result over 1000 iterations, see Tab. 4. As we can read o↵
from the table, the asynchrounous kernel execution on two time-slices takes
longer then a device to host or host to device copy process, respectively. As
discussed above, the necessary data exchange between two devices includes in
total four such copy processes and thus eight time-slices are enough to reach
a complete overlap of data exchange from device to host (host to device) and
calculations in the inner part of the domain.

So far we neglected the data exchange via MPI between the two neigh-
boring processes. As for the data exchange between host and device, here
again it is advantageous to use non blocking functions for the data exchange,
i.e., MPI Isend and MPI Irecv. By doing so we can again overlap the data
exchange between the processes by calculations on time-slices that are not
involved in the exchange.

In practice, we implemented the overlap of calculations with the data
exchange between the processes and between host and device as a method
of a communicator class. Then we only have to set up a certain update
type (overrelaxation, simulated annealing etc.) and the apply method of the
communicator object applies that update including full overlap with the data
exchange.

27

• compare the time for the update of one time-slice to the time for a device-to-
host (D2) copy and a host-to-device copy (H2D):
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of a communicator class. Then we only have to set up a certain update
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• compare the time for the update of one time-slice to the time for a device-to-
host (D2) copy and a host-to-device copy (H2D):

• we conclude that two time-slices per copy step (the six steps from before) are 
enough to hide the time that is spent for communications
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The mephisto GPU cluster

• Mathematics Institute KFU Graz

• master node with four GTX 480 GPUs

• 5 compute nodes
• each one 4 Tesla C2070 GPUs
• 24 GB device RAM
• two six-core Xeon CPUs

• CUDA 5.0
• openMPI
• price ~ 100,000 €
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Weak scaling

• keep the lattice volume per GPU fixed (here               and      )

6.4. Performance
Our multi-GPU performance tests have been carried out on the “mephisto”

cluster at the University of Graz. The cluster provides five compute nodes
with four NVIDIA Tesla C2070 GPUs and two Intel Xeon Six-Core CPUs
X5650 (“Westmere”) @ 2.67GHz on each node. The nodes are connected via
InfiniBand and OpenMPI 1.4.3 and CUDA 5.0 is installed.

In the plot of Fig. 6 we show that linear weak scaling is reached with this
strategy. The test have been performed on lattices of size 643 ⇥ 32 per GPU
(643 ⇥ 512 in total with 16 GPUs) and 484 per GPU (483 ⇥ 768 in total with
16 GPUs). The higher performance of the spatial volume of 643 is simply
due to higher occupancy: since we operate on single time-slices at a time,
the lattice of spatial size 483 is not su�cient to fully occupy the device.
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Figure 6: Weak scaling on the Tesla C2070 in single (SP), mixed (MP) and double precision
(DP). The full symbols correspond to a lattice size of 643 ⇥ 32 per GPU and the open
symbols to 484 per GPU.

In Fig. 7 strong scaling is tested. For a total lattice size of 643 ⇥ 256 we
find close to linear strong scaling up to 16 GPUs which corresponds to 16
time-slices per device. On a lattice of size 643 ⇥ 128 we find for 16 GPUs
(eight time-slices per device) a performance loss of 15–30% (DP vs. SP). We
moving on to a smaller temporal lattice extent, N

t

= 96, the performance
decreases further. Moreover, for this lattice size, no gain in performance is
apparent when adopting 16 instead of 12 devices.
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Figure 7: Strong scaling on the Tesla C2070. The spatial lattice volume is kept fixed at
643 and the total temporal extent varies for the three lines (per precision) from the top
downwards Nt = 256, 128, 96.

7. Summary

We presented a CUDA implementation for gauge fixing in lattice gauge
field theories based on the relaxation algorithms. The code is based on the
cuGLT package8 and supports Landau, Coulomb and maximally Abelian
gauge fixing conditions.

The implementation and the various optimization strategies have been
discussed in detail. We showed that simulated annealing and overrelaxation
can heavily be accelerated by employing GPUs. We listed convergence results
in di↵erent floating point precissions and concluded that a mixed precision
ansatz that performs only the critical parts of the simulation in double pre-
cision is a good compromise in terms of precision (⇠ 10�5 relative to DP)
and performance (80%� 90% of SP).

A maximum sustained performance of 370 GFlops on a single GPU (GTX 580)
has been reached and moreover linear scaling on multiple GPUs as long as
the number of time-slices per device does not deceed 16.

8Both is available for downloaded under (MS: here a link to the code).
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Summary

• GPUs can massively speedup your calculations

• the adoption of multi-GPUs overcomes the memory constraint of single GPUs

• we showed linear scaling on 16 GPUs on lattices of size                  and larger

• writing high performance code requires detailed hardware analysis

• codes for many applications in lattice QCD are already available, e.g,

• QUDA (Clark, Babich et al.) for various Dirac inverters (massively parallel!)
• Overlap on multi-GPUs (Alexandru)
• PTQCD (Portuguese lattice collaboration) for quenched heatbath and more
• Chroma/QDP++ on GPUs (Frank Winter)
• porting HMC to the GPU is ongoing work (Alexandru and others)
• cuLGT for lattice gauge fixing and as a basis for other applications (this work)

Coulomb, Landau and Maximally Abelian Gauge Fixing

in Lattice QCD with Multi-GPUs
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Abstract

A lattice gauge theory framework for simulations on graphic processing units
(GPUs) using NVIDIA’s CUDA is presented. The code comprises template
classes that take care of an optimal data pattern to ensure coalesced read-
ing from device memory to achieve maximum performance. In this work
we concentrate on applications for lattice gauge fixing in 3+1 dimensional
SU(3) lattice gauge field theories. We employ the overrelaxation, stochastic
relaxation and simulated annealing algorithms which are perfectly suited to
be accelerated by highly parallel architectures like GPUs. The applications
support the Coulomb, Landau and maximally Abelian gauges. Moreover, we
explore unitarity conservation HVbetter:numerical accuracy??? issues of the
SU(3) valued degrees of freedom in single (SP) and double precision (DP).
Therefrom we draw conclusions on the reliability of SP and DP simulations
and suggest a mixed precision scheme that performs the critical parts of the
algorithm in full DP while retaining 80–90% of the SP performance. Finally,
multi-GPUs are adopted to overcome the memory constraint of single GPUs.
A communicator class which hides the MPI data exchange at the boundaries
of the lattice domains, via the low bandwidth PCI-Bus, e↵ectively behind
calculations in the inner part of the domain is presented. Linear scaling
using 16 NVIDIA Tesla C2070 devices and a maximum performance of 3.5
Teraflops on lattices of size down to 643 ⇥ 256 is demonstrated.
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Thank you!

Alternative application of GPUs.
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